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Abstract In this paper, a new approach combining the features of the homotopy concept with the
variational approach is proposed for describing and predicting analytical approximations of a conservative
oscillator with strong odd-nonlinearity. The new technique does not depend upon small parameter
assumptions, and incorporates salient features of both methods of homotopy perturbation and the
variational approach. The cubic–quintic duffing oscillator is analyzed to illustrate the usefulness and
effectiveness of the proposed technique. Four approximate formulas for the frequency are established for
small, as well as large, amplitudes of motion. The results of applying this procedure to the cubic–quintic
duffing equation are compared to those analytical and exact solutions, in order to substantiate the accuracy
and correctness of the approximate analytical approach. The approach can be easily extended to other
nonlinear oscillators.
© 2012 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
Nonlinear oscillator models have been widely used in many
areas, and their significant importance is not just limited
to physics and engineering. Mechanical oscillatory systems
are often named governed nonlinear differential equations by
different authors [1–5].
In general, such problems are not amenable to exact treat-
ment. The Nayfeh perturbation method [6], involving expan-
sion over a small parameter (perturbation quantity), has been
themost common analytical technique for nonlinear oscillation
systems. In general, it is only useful if small parameters exist in
the nonlinear systems, where the solution can be analytically
expanded into a power series of parameters. Many nonlinear
problems do not contain such perturbation quantity, so, in or-
der to overcome the shortcomings, many new techniques have
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doi:10.1016/j.scient.2012.04.004appeared in open literature, such as the variational iteration
method [7–9], the energy balance method [10–12], the Hamil-
tonian approach [13,14], the variational approach [15–17],
amplitude–frequency formulation [18] and other classical
methods [19–27].
In this paper, a new approach, combining the features of the
homotopy concept with the variational approach, is proposed
to find accurate analytical solutions for nonlinear cubic-quintic
duffing equations. The coupled method of He’s homotopy
perturbation method [19] and variational formulation [15],
couples homotopy with the variational appproach. The method
first constructs a homotopy equation, and, then, the solution is
expanded into a series of p. As the zeroth order approximate
solution is easy to obtain, the second term is solved using the
variational approach, where the frequency of the nonlinear
oscillator can be obtained. This technique is very similar to
Marinca’s work [21], where the unknown parameters are
identified using least squares technology.
The Duffing equation is a well-known nonlinear differen-
tial equation, which is related to many practical engineering
systems, such as the classical nonlinear spring system,with odd
nonlinear restoring characteristics, and more recently in dif-
ferent physical phenomena (see [2]). The unperturbed cubic-
quintic duffing equation can be found in the modeling of the
evier B.V. Open access under CC BY-NC-ND license.
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termediate lumped mass and undergoing large amplitudes
of oscillation in the unimodel duffing type temporal prob-
lem [28], the nonlinear dynamics of a slender elastica, the gen-
eralized Pochhammer–Chree (PC) equation and the compound
Korteweg-de Vries (KdV) equation [28].
Due to the presence of strong nonlinearities, the accuracy of
approximate analytical methods becomes extremely demand-
ing. Lai et al. [28], Ganji et al. [29] and Pirbodaghi et al. [30] have
obtained approximations of the cubic–quintic duffing equation
by using different methods.
A cubic-quintic duffing oscillator of a conservative au-
tonomous system can be described by the following differential
equation, with cubic-quintic nonlinearities [28]:
u′′ + αu+ βu3 + γ u5 = 0, (1)
with initial conditions:
u(0) = A, u′(0) = 0. (2)
It is a simple harmonic oscillator if α ≠ 0, β = γ = 0, a cubic
Duffing oscillator if β ≠ 0, γ = 0, and a quintic oscillator if
γ ≠ 0, β = 0. Otherwise, it is a cubic-quintic oscillator if β and
γ do not vanish.
2. Application of the coupled homotopy-variational formu-
lation
In this paper, a coupling method of the He’s homotopy
technique [19] and the varitional approach [15] is proposed to
solve non linear oscillation systems. In contrast to traditional
perturbation methods, the proposed method does not require
a small parameter in the equation. In this method, according
to the homotopy technique, a homotopy with an imbedding
parameter, p ∈ [0, 1], is constructed, as the zeroth order
approximate solution is easy to be obtained. The second term
is solved using the variational approach, where the frequency
of the nonlinear oscillator can be obtained.
By considering the nonlinear oscillator, Eq. (1), the following
homotopy can be constructed:
u′′ + ω2u+ p βu3 + γ u5 + (α − ω2)u = 0, p ∈ [0, 1] , (3)
when p = 0, Eq. (3) becomes the linearized equation, u′′ +
ω2u = 0. When p = 1, it turns out to be the original one.
Assume that the periodic solution to Eq. (1) may be written as
a power series in p:
u = u0 + pu1 + p2u2 + · · · . (4)
Substituting Eq. (4) into Eq. (3), and collecting terms of the same
power of p, gives:
u′′0 + ω2u0+ = 0, (5)
u′′1 + ω2u1 + βu30 + γ u50 + (α − ω2)u0 = 0. (6)
The solution of Eq. (5) is u0 = A cosω1t , where ω1 will be
identified from the variational formulation foru1, which reads:
J(u1) =
 T
0

−1
2
u′21 +
1
2
ω21u
2
1 + βu30u1
+ γ u50u1 + (α − ω21)u0u1

dt, T = 2π
ω
. (7)2.1. First-order analytical approximation
To better illustrate the procedure, a simple trail function can
be chosen:
u1 = B1(cosω1t − cos 3ω1t). (8)
Substituting u1 into functional Eq. (7) results in:
J(A, B1, ω1)
= πB1
ω1

1
2
βA3 + αA− 4ω21B1 − Aω21 +
5
16
γ A5

. (9)
Setting [15]:
∂ J
∂B1
= 0, ∂ J
∂ω1
= 0. (10)
The solutions of Eq. (10) are:
B1 = A
ω21

−1
8
ω21 +
5
128
γ A4 + 1
16
βA2 + 1
8
α

, (11)
ω1 =

5
16
γ A4 + 1
2
βA2 + α, (12)
where angular frequency, ω1, is the first-order analytical
approximation.
2.2. Second-order analytical approximation
The accuracy of the first-order approximate solution can be
dramatically improved if the trail function is chosen:
u1 = B1 (cosω2t − cos 3ω2t)+ B3 (cos 3ω2t − cos 5ω2t) . (13)
Substituting Eq. (13) into Eq. (9) leads to the result:
J (A, B1, B3, ω2)
= π
4ω2

γ B3 + 54γ B1

A5 + π
2ω2

1
2
βB3 + βB1

A3
+ πB1
ω2

α − ω22

A+ 4πω2

2B1B3 − B21 − 4B23

. (14)
The stationary condition of Eq. (14) requires that [15]:
∂ J
∂B1
= 0, ∂ J
∂B3
= 0, ∂ J
∂ω
= 0. (15)
The solutions of Eq. (15) are:
B3 = γ128ω22
A5 + β
128ω22
A3 + 1
4
B1, (16)
B1 = γ16ω22
A5 + 3β
32ω22
A3 +

α − ω22

6ω22
A. (17)
The second-order approximate frequency can be obtained as
follows: (see Box I) where angular frequency,ω2, is the second-
order analytical approximation.
2.3. Third-order analytical approximation
To construct the third-order analytical approximations,
assume the trail function is:
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8)ω2 =
−3
8
A4γ + 9
16
A2β + α

+

153
256
A8γ 2 + 225
128
A6βγ +

333
256
β2 + 3γα

A4 + 9
2
A2βα + 4α2, (1
Box I:u1 = B1 (cosω2t − cos 3ω2t)+ B3 (cos 3ω2t − cos 5ω2t)
+ B5

3 cos 5ω2t − 53 cos 7ω2t

. (19)
Substituting Eq. (19) into Eq. (9) leads to the result:
J (A, B1, B3, B5, ω3) = π4ω3

γ B3 + 34γ B5 +
5
4
γ B1

A5
+ π
2ω3

1
2
βB3 + βB1

A3 + πB1
ω3

α − ω23

A
+ 4πω3

18B3B5 + 2B1B3 − B21 − 4B23 −
131
3
B25

. (20)
The stationary condition of Eq. (20) requires that [15]:
∂ J
∂B1
= 0, ∂ J
∂B3
= 0, ∂ J
∂B5
= 0, ∂ J
∂ω
= 0 (21)
The solutions of Eq. (21) are:
B5 = 9γ16768ω23
A5 + 27
131
B3, (22)
B3 = 605γ35968ω23
A5 + 131β
8992ω23
A3 + 131
281
B1, (23)
B1 = 67γ640ω23
A5 + 231β
1600ω23
A3 + 281

α − ω23

1200ω23
A. (24)
The third-order approximate frequency can be obtained as
follows: (see Box II) where angular frequency, ω3, is the third-
order analytical approximation.
2.4. Fourth-order analytical approximation
To construct the fourth -order analytical approximations,
assume the trail function is:
u1 = B1 (cosω2t − cos 3ω2t)+ B3 (cos 3ω2t − cos 5ω2t)
+ B5

3 cos 5ω2t − 53 cos 7ω2t

+ B7

5
3
cos 7ω2t − 57 cos 9ω2t

. (26)
Substituting Eq. (26) into Eq. (9) leads to the result:
J (A, B1, B3, B5, B7, ω4) = π4ω4

γ B3 + 34γ B5 +
5
4
γ B1

A5
+ π
2ω4

1
2
βB3 + βB1

A3 + πB1
ω4

α − ω24

A
+ 4πω4

100
3
B5B7 + 18B3B5 + 2B1B3 − B21 − 4B23
− 131
3
B25 −
3200
147
B27

. (27)The stationary condition of Eq. (27) requires that [15]:
∂ J
∂B1
= 0, ∂ J
∂B3
= 0, ∂ J
∂B5
= 0,
∂ J
∂B7
= 0, ∂ J
∂ω
= 0.
(28)
The solutions of Eq. (28) are:
B7 = 4964B5, (29)
B5 = 3γ3656ω24
A5 + 288
989
B3, (30)
B3 = 1205γ43648ω24
A5 + 989β
43648ω24
A3 + 989
1364
B1, (31)
B1 = 97γ400ω24
A5 + 1239β
4000ω24
A3 + 341

α − ω23

750ω23
A. (32)
The fourth-order approximate frequency can be obtained as
follows: (see Box III) where angular frequency,ω4, is the fourth-
order analytical approximation.
3. Results and discussion
To show the efficiency of the presented method for cu-
bic–quintic Duffing oscillators, in comparisonwith other results
and the exact result, three cases forα = β = γ = 1, α =
5, β = 3, γ = 1 and α = 1, β = 10, γ = 100 are given.
The relative errors of frequencies are defined as Lai
et al. [28]:
Error(%) = |ωi − ωExact |
ωExact
× 100, i = 1, 2, 3, 4. (34)
For reference, the exact frequency, ωExact , is obtained by direct
integration of governing Eq. (1) of the dynamical system.
Imposing initial conditions, the solution is [4]:
ωexact(A) = πk1
2
 π
2
0

1+ k2 sin2 θ + k3 sin4 θ
− 12 dt , (35)
where:
k1 =

α + β A
2
2
+ γ A
4
3
, (36)
k2 = 3βA
2 + 2γ A4
6α + 3βA2 + 2γ A4 , (37)
k3 = 2γ A
4
6α + 3βA2 + 2γ A4 . (38)
Based on Eqs. (12), (18), (25) and (33), the various approxima-
tions compared, with respect, to the exact solution are:
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5)ω3 =
−1005
2248
A4γ + 693
1124
A2β + α

+

2180475
256752
A8γ 2 + 2921985
1263376
A6βγ +

989973
631688
β2 + 1005
281
γα

A4 + 1386
281
A2βα + 4α2, (2
Box II:3)ω4 =
−1455
2725
A4γ + 3717
5456
A2β + α

+

35552025
29767936
A8γ 2 + 44621505
14883968
A6βγ +

56376981
29767936
β2 + 1455
341
γα

A4 + 3717
682
A2βα + 4α2, (3
Box III:Figure 1: The relative errors for the approximate frequencies (α = β = γ =
1).
Figure 2: The relative errors for the approximate frequencies (α = 5, β =
3, γ = 1).
lim
A→∞
ω1
ωExact
= 0.74851,
lim
A→∞
ω2
ωExact
= 0.84481,
lim
A→∞
ω3
ωExact
= 0.92950,
lim
A→∞
ω4
ωExact
= 1.00154.
(39)
The relative error of the fourth-order analytical approximation
compared with the exact solution is less than 0.16% in the limit
as A → ∞. In Figures 1–3, the relative errors for the approxi-
mate frequencies for different parameters are plotted.
Lai et al. [28] obtained an analytic approximation of the
cubic–quintic duffing equation by using the Newton harmonic
balancing method:
lim
A→∞
|ωLai − ωExact |
ωExact
× 100 = 0.23%. (40)Figure 3: The relative errors for the approximate frequencies (α = 1, β =
10, γ = 100).
Also, Ganji et al. [29] obtained another analytic approximation
of the cubic–quintic duffing equation, using the energy balance
method:
lim
A→∞
ωGanji − ωExact 
ωExact
× 100 = 2.29%. (41)
Hence, the proposed method is suitable for solving Eq. (1) with
any large amplitude of oscillation, A. The fourth-order analytical
approximation ismore accurate than the results of Lai et al. [28]
and Ganji et al. [29], when A →∞. The fourth-order analytical
approximation are given and compared, analytically, with the
results of Ganji et al. [29], Lai et al. [28] and the exact one, for
different oscillation amplitudes in Tables 1–3, respectively.
4. Conclusions
A coupled homotopy-variational formulation has been
applied to obtain analytical approximate solutions for a non-
linear cubic-quintic duffing equation, which are conservative
and periodic. This procedure is explicit, effective, and has
a distinct advantage over usual approximation methods, in
that, the approximate solution obtained here is valid, not
only for weakly nonlinear equations, but, also, for strongly
nonlinear ones. In particular, it would be desirable to determine
easier ways of constructing trial functions for some complex
nonlinear problems. The relative error is smaller for the fourth
order coupled homotopy-variational formulation than that in
Ganji and Lai’s work [29,28]. In coupled homotopy-variational
formulation, the higher-order approximates can readily be
obtained with high accuracy. It is obvious that the variational
approach provides us with a freedom of choice of trial function,
and gives us more information regarding the relation between
frequency and amplitude. Convergence and error studies for the
abovementionedmethod are further needed, and it is clear that
many modifications can be made.
Y. Khan et al. / Scientia Iranica, Transactions A: Civil Engineering 19 (2012) 417–422 421Table 1: Comparison of current frequency and existing results for cubic–quintic Duffing oscillator and α = β = γ = 1.
A ωExact ω1 ω2 ω3 ω4 Lai et al. [28] Ganji et al. [29]
0.1 1.0037770 1.0025125 1.0028276 1.0031009 1.0034276 1.00377 1.00377306
0.5 1.1065487 1.0698277 1.0792589 1.0877056 1.0974873 1.10655 1.10635650
1 1.5235914 1.3462912 1.3984287 1.4456576 1.4951413 1.52375 1.10635650
5 19.1815720 14.4503460 16.2514248 17.8276787 19.1806374 19.2215 19.608880
10 75.1776276 56.3560104 63.5547600 69.8760834 75.2651825 75.3454 76.889585
20 299.22427 224.05580 252.83170 278.12708 299.65771 299.903 306.06681
50 1 867.5796 1 397.9900 1 577.7996 1 735.9103 18 704.304 1 871.84 1 910.33222
100 7 468.8525 5 590.6172 6 309.8315 6 942.2827 7 480.3364 7 485.89 7 639.85509
500 186 709.59 139 754.70 157 734.86 173 546.20 186 997.34 187 135.59 190 984.592
1 000 746 836.94 559 017.44 630 938.13 694 183.44 747 988.00 748 540.91 763 936.894Table 2: Comparison of current frequency and existing results for cubic–quintic Duffing oscillator and α = 5, β = 3, γ = 1.
A ωExact ω1 ω2 ω3 ω4 Lai et al. [28] Ganji et al. [29]
0.1 2.2411156 2.2394266 2.2398469 2.2402105 2.2406456 2.2411 2.241102478
0.5 2.3661575 2.3226130 2.3337476 2.3434565 2.3548751 2.36615 2.366246867
1 2.7962794 2.6100767 2.6612775 2.7063482 2.7566507 2.79630 2.798963393
5 20.2164536 15.4211702 17.2236977 18.7895069 20.1565380 20.2514 20.64011142
10 76.1700134 57.2712860 64.4817429 70.7962723 76.2022247 76.3326 77.88483819
50 1 868.5568 1 398.8853 1 578.7106 1 736.8159 1 871.3540 1 872.81 1 911.314776
100 7 469.8296 5 591.5117 6 310.7422 6 943.1880 7 481.2598 7 486.86 7 640.837246
500 186 710.58 139 755.59 157 735.78 173 547.11 186 998.27 187 136.56 190 985.5701
1 000 746 837.94 559 018.31 630 939.00 694 184.38 747 988.88 748 541.88 763 937.8765Table 3: Comparison of current frequency and existing results for cubic–quintic Duffing oscillator and α = 1, β = 10, γ = 100.
A ωExact ω1 ω2 ω3 ω4 Lai et al. [28] Ganji et al. [29]
0.1 1.0397019 1.0262188 1.0296117 1.0325994 1.0361322 1.03970 1.039642196
0.5 2.5247023 2.0501525 2.2114758 2.3542032 2.4890764 2.52642 2.554014562
1 8.0100698 6.1032777 6.8193183 7.4440041 7.9883609 8.02429 8.176911017
5 187.19966 140.20432 158.19193 174.00040 187.46034 187.623 191.4770915
10 747.32526 559.46490 631.39343 694.63605 748.44946 749.027 764.4279087
50 18 671.400 13 975.872 15 773.896 17 355.027 18 700.148 18 714.00 19 098.90111
100 74 684.133 55 902.148 63 094.219 69 418.750 74 799.211 74 854.53 76 394.13136
500 1 867 091.6 1 397 542.9 1 577 344.5 1 735 457.9 1 869 969.3 1 871 351.54 1 909 841.499
1 000 7 468 365.0 5 590 170.5 6 309 377.0 6.941 830.5 7 479 875.5 7 485 404.69 7 639 364.525Acknowledgments
The authors are very grateful to the Department of
Mechanical Engineering at the Quchan Branch of the Islamic
Azad University for the provision of excellent research facilities.
References
[1] Nayfeh, A.H. and Mook, D.T., Nonlinear Oscillations, Wiley, New York
(1979).
[2] Hagedorn, P., Non-linear Oscillations (translated by Wolfram Stadler),
Clarendon, Oxford (1988).
[3] Lai, S.K., Lim, C.W., Lin, Z. and Zhang, W. ‘‘Analytical analysis for large-
amplitude oscillation of a rotational’’, Appl. Math. Comput., 217(13),
pp. 6115–6124 (2011).
[4] Guo, Z., Leung, A.Y.T. and Yang, H.X. ‘‘Iterative homotopy harmonic bal-
ancing approach for conservative oscillatorwith strong odd-nonlinearity’’,
Appl. Math. Model., 35(4), pp. 1717–1728 (2011).
[5] Cveticanin, L. and Kovacic, I. ‘‘Parametrically excited vibrations of an
oscillator with strong cubic negative nonlinearity’’, J. Sound Vib., 304(1–2),
pp. 201–212 (2007).
[6] Nayfeh, A.H., Introduction to Perturbation Techniques, Wiley, New York
(1993).
[7] He, J.H., Wu, G.C. and Austin, F. ‘‘The variational iteration method which
should be followed’’, Nonlinear Sci. Lett. A, 1(1), pp. 1–30 (2010).
[8] Herisanu, N. and Marinca, V. ‘‘A modified variational iteration method
for strongly nonlinear problems’’, Nonlinear Sci. Lett. A, 1(2), pp. 183–192
(2010).
[9] Yilmaz, E. and Inc, M. ‘‘Numerical simulation of the squeezing flow
between two infinite plates by means of the modified variational
iteration method with an auxiliary parameter’’, Nonlinear Sci. Lett. A, 1(3),
pp. 297–306 (2010).[10] He, J.H. ‘‘Preliminary report on the energy balance for nonlinear
oscillations’’,Mech. Res. Comm., 29(2–3), pp. 107–111 (2002).
[11] Ganji, D.D., Malidarreh, N.R. and Akbarzade, M. ‘‘Comparison of energy
balance period with exact period for arising nonlinear oscillator equations
(He’s energy balance period for nonlinear oscillators with and without
discontinuities)’’, Acta Appl. Math., 108(2), pp. 353–362 (2009).
[12] Yazdi, M.K., Khan, Y., Madani, M., Askari, H., Saadatnia, Z. and Yildirim, A.
‘‘Analytical solutions for autonomous conservative nonlinear oscillator’’,
Int. J. Nonlinear Sci. Numer. Simul., 11(11), pp. 979–984 (2010).
[13] He, J.H. ‘‘Hamiltonian approach to nonlinear oscillators’’, Phys. Lett. A,
374(23), pp. 2312–2314 (2010).
[14] Khan, Y., Wu, Q., Askari, H., Saadatnia, Z. and Yazdi, M.K. ‘‘Nonlinear
vibration analysis of a rigid rod on a circular surface via Hamiltonian
approach’’,Math. Comput. Appl., 15(5), pp. 974–977 (2010).
[15] He, J.H. ‘‘Variational approach for nonlinear oscillators’’, Chaos, Solitions
Fractals, 34(5), pp. 1430–1439 (2007).
[16] He, J.H. ‘‘An elementary introduction to recently developed asymptotic
methods and nanomechanics in textile engineering’’, Internat. J. Modern
Phys. B, 22(21), pp. 3487–3578 (2008).
[17] Khan, Y., Faraz, N. and Yildirim, A. ‘‘New soliton solutions of the
generalized Zakharov equations using He’s variational approach’’, Appl.
Math. Lett., 24(6), pp. 965–968 (2011).
[18] Ganji, D.D. and Akbarzade, M. ‘‘Approximate analytical solutions to non-
linear oscillators using He’s amplitude–frequency formulation’’, Int. J.
Math. Anal., 32(4), pp. 1591–1597 (2010).
[19] He, J.H. ‘‘The homotopy perturbationmethod for nonlinear oscillatorswith
discontinuities’’, Appl. Math. Comput., 151(1), pp. 287–292 (2004).
[20] Akbarzade, M. and Langari, J. ‘‘Determination of natural frequencies by
coupled method of homotopy perturbation and variational method for
strongly nonlinear oscillators’’, J. Math. Phys., 52(2), p. 023518 (2011).
[21] Marinca, V. and Herisanu, N. ‘‘Optimal homotopy perturbation method
for strongly nonlinear differential equations’’, Nonlinear Sci. Lett. A, 1(3),
pp. 273–280 (2010).
422 Y. Khan et al. / Scientia Iranica, Transactions A: Civil Engineering 19 (2012) 417–422[22] Khan, Y. and Wu, Q. ‘‘Homotopy perturbation transform method for
nonlinear equations using He’s polynomials’’, Comput. Math. Appl., 61(8),
pp. 1963–1967 (2011).
[23] Šmarda, Z. and Archalousova, O. ‘‘Adomian decomposition method for
certain singular initial value problems II’’, J. Appl. Math., 3(2), pp. 91–98
(2010).
[24] Slota, D. ‘‘The application of the homotopy perturbation method to
one-phase inverse Stefan problem’’, Int. Commun. Heat Mass Tran., 37,
pp. 587–592 (2010).
[25] Ellahi, R. and Riaz, A. ‘‘Analytical solutions for MHD flow in a third-
grade fluid with variable viscosity’’, Math. Comput. Modelling, 52(9–10),
pp. 1783–1793 (2010).
[26] He, J.H. ‘‘Non perturbative methods for strongly nonlinear problems’’,
Dissertation. de-Verlag im Internet gmbh, Berlin, Germany (2006).
[27] Ganji, D.D. and Kachapi, S.H.H. ‘‘Analytical and numerical methods in
engineering and applied sciences’’, Progr. Nonlinear Sci., 3, pp. 1–579
(2011).
[28] Lai, S.K., Lim, C.W., Wu, B.S., Wang, C., Zeng, Q.C. and He, X.F. ‘‘Newton-
harmonic balancing approach for accurate solutions to nonlinear cu-
bic–quintic Duffing oscillators’’, Appl. Math. Model., 33(2), pp. 852–866
(2009).
[29] Ganji, D.D., Gorji, M., Soleimani, S. and Esmaeilpour, M. ‘‘Solution of
nonlinear cubic–quintic Duffing oscillators using He’s energy balance
method’’, J. Zhejiang Univ. Sci. A, 10(9), pp. 1263–1268 (2009).[30] Pirbodaghi, T., Hoseini, S.H., Ahmadian, M.T. and Farrahi, G.H. ‘‘Duffing
equations with cubic and quintic nonlinearities’’, Comput. Math. Appl.,
57(3), pp. 500–506 (2009).
Y. Khan is editor of two International Journals. His current research mainly
covers approximate, analytical and numerical solutions of nonlinear problems
arising in applied sciences and engineering phenomena.
M. Akbarzade obtained his M.S. degree in Mechanical Engineering from
Mazandaran University, Iran, and has, since 2008, been working as lecturer in
the Islamic Azad University. His main field of research is focused on nonlinear
dynamics and vibration and he has published more than 18 papers in this
subject area.
A. Kargar is a Ph.D. student in Mechanical Engineering from Ferdowsi
University, Mashahd, Iran, and became a faculty member of the Islamic Azad
University in 2005. His main field of interest is focused on fluid dynamics and
numerical methods.
